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Based on the hypothesis of the black hole molecule, with the help of the Hawking
temperature and the thermodynamics curvature of the black hole, we propose a new
measure of the relation between the interaction and the thermal motion of molecules
of the AdS black hole as a preliminary and coarse-grained description. The measure
enables us to introduce a dimensionless ratio to characterize this relation and show
that there is indeed competition between the interaction among black hole molecules
and their thermal motion. For the charged AdS black hole, below the critical dimen-
sionless pressure, there are three transitions between the interaction state and the
thermal motion state. While above the critical dimensionless pressure, there is only
one transition. For the Schwarzschild-AdS black hole and five-dimensional Gauss-
Bonnet AdS black hole, there is always a transition between the interaction state
and the thermal motion state, and the transition point is also given analytically.
I. MOTIVATION
The exploration of microscopic properties of the black hole is a hot issue in theoretical
physics. Traditional general relativity holds that there is no matter structure inside a black
hole, except for the singularity. However, the proposal of the black hole temperature and
area entropy provides a new perspective to re-understand properties of the black hole [1–3].
With the development of the black hole thermodynamics [4–8], especially the introduction
of the extended phase space [9], black holes show abundant critical behaviors [10–13],
which indicates that the black hole has some unknown microscopic characteristics.
Recently, based on the Ruppeiner thermodynamic geometry [14], a new abstract con-
cept “black hole molecule” has been proposed in Ref. [15], which provides a new perspec-
tive for studying the micro-mechanism of the black hole phenomenologically. They think
that the interior of a black hole is actually a kind of the fluid, and the fluid composed of
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these black hole molecules can give the microstructure of the black hole. This is similar
to the atomic hypothesis put forward by Boltzmann more than a century ago. Although
we don’t know exactly what the black hole molecules are, as a preliminary exploration
of the black hole microstructure, this abstract concept is very useful for understanding
some micro properties of black holes. Among them, the role of the Ruppeiner geometry
is particularly important. It introduces a thermodynamic metric structure to represent
the thermodynamic fluctuation theory and has the physically meanings in the fluctua-
tion theory of equilibrium thermodynamics, i.e., the components of the inverse Ruppeiner
metric corresponding to second moments of fluctuations. The specific form of its thermo-
dynamic metric is based on the second-order partial derivative structure of the entropy
with respect to other thermodynamic quantities.
In the process of studying the Ruppeiner geometry of black holes, the thermodynamic
curvature is the most important physical quantity. It has two important roles:
• Analyzing the phase transition It is believed that the divergence point of the ther-
modynamics curvature should also correspond to some kind of the phase transition
of the system. There are two ways of understanding the divergence point. On the
one hand, the divergence point of the thermodynamic curvature corresponds to the
configuration of the extreme black hole, or perhaps, the black hole/extremal black
hole transition [15–27]. On the other hand, the divergent point of the thermo-
dynamic curvature corresponds to the divergent point of the heat capacity, i.e., a
second-order phase transition [28–33]. However, at present, there is no theoretical
requirement that the divergent point of the thermodynamic curvature must corre-
spond to the divergence of the heat capacity or the configuration of the extreme
black hole. No matter what the divergent point of the thermodynamic curvature
corresponds to, it all can be regarded as a reasonable and feasible way to understand
the divergent behavior of the thermodynamic curvature.
• Discussing the interaction in a thermodynamic system The thermodynamic curva-
ture is just as a new physical quantity. We only care about the role of the thermo-
dynamic curvature itself in the microscopic behavior of the system. For some better
understood statistical mechanical models, there is an empirical observation that
the thermodynamic curvature is related to the interaction among the constituent
molecules of the system [34, 35]. For black hole systems, we need to explain the
logic of exploring its micro behavior. We have know a general lore that if we know
the microscopic dynamics of a system, its thermodynamical properties could be de-
rived from statistic physics of the system, while the inverse process does not hold
in general, namely we cannot know the micro-dynamics of the system from its ther-
modynamics. The lack of quantum gravity theory makes the statistical physical
description of black holes at the stage of exploration. Hence it is necessary to make
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some reasonable assumptions for the analysis of the micro behavior of black holes.
Comparing to the methods of studying the usual statistical mechanical models, we
think that the inverse process mentioned above may be feasible for the black hole
system as a primary description. With the help of the abstract concept of black
hole molecule, through analogy, we can think that there is interaction among the
molecules that make up the black hole, and the above empirical observation also
applies to black holes. In Ref. [36], Ruppeiner gives the physical meaning of the
thermodynamic curvature in the black hole system. Afterwards, Refs. [19, 37] fur-
ther point out that the absolute value of the thermodynamic curvature measures
the strength of the interactions among black hole molecules phenomenologically or
qualitatively. Recently, for a class of black hole system with zero heat capacity at
constant volume, there are two ways to deal with its thermodynamic curvature.
One is to introduce the normalized thermodynamic curvature by treating the heat
capacity at constant volume as a constant very close to zero [37–39]. The other is
to regard the entropy in the thermodynamic metric is a function of the mass (i.e.
enthalpy) and other thermodynamic quantities of the AdS black holes [24–27]. Both
of these schemes can well analyze the interaction among molecules of the black hole
system.
Hence one can see that the thermodynamics geometry can be considered as one of
the important methods to explore the micro-information of black holes completely from
the perspective of thermodynamics. In the past, people only used the positive/negative
of the thermodynamic curvature to analyze the type of the interaction among black hole
molecules in the black hole thermodynamic system, and used the magnitude of the ther-
modynamic curvature to qualitatively describe the strength of the interaction. We know
that at the micro level, the interaction among the molecules that make up the system al-
ways competes with the irregular thermal motion of the molecules themselves. So for the
black hole thermodynamics system, this competition should exist. How do we describe
it? This is the main motive of our present work.
Under the hypothesis of black hole molecules, the temperature of the black hole can
reflect the intensity of the thermal motion of black hole molecules according to the theory
of the molecular thermal motion in the natural units. At the same time, according to
the idea of the thermodynamics geometry above, we can approximately think that the
thermodynamic curvature can be regarded as a measure of the interaction among black
hole molecules. In our (three authors of this paper) previous work [24], in the analysis of
the thermal micro behavior of the Reissner-Nordstro¨m black hole, we give a signal about
the relation between the thermal motion of black hole molecules and their interaction.
Therefore in this paper, with the help of these two important tools, we try to make a
preliminary and coarse-grained description of the relation between the interaction among
black hole molecules and their thermal motion in the AdS background, so that we can
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have a new understanding of the possible microscopic behavior of black holes. Taking the
AdS black holes as examples, we give a preliminary description of the relation between the
interaction among black hole molecules and their thermal motion, and find the transition
point between the state dominated by the interaction and the state dominated by the
thermal motion in the black hole system, which also reveals the mechanism of black hole
phase transition from the micro level completely from the perspective of thermodynamics.
The paper is organized as follows. In section II, we give a brief introduction of the
Ruppeiner thermodynamic geometry. In section III, we introduce a dimensionless ratio to
characterize the relation between the interaction and the thermal motion of molecules of
the AdS black hole. Finally, we devote to drawing our conclusion in section IV. Through-
out this paper, we adopt the units ~ = c = k
B
= G = 1.
II. RUPPEINER GEOMETRY
Now we are going to provide a brief introduction of the Ruppeiner thermodynamic
geometry, which originates from the fluctuation theory of the equilibrium thermodynam-
ics [14, 36]. Consider an equilibrium isolated thermodynamic system with total entropy
S, and divide it into a small subsystem SB and a large subsystem SE. We additionally
require that SB  SE ∼ S. Then the total entropy of the system reads as
S(x0, x1, · · · ) = SB(x0, x1, · · · ) + SE(x0, x1, · · · ), (1)
where the parameters x0, x1, · · · stand for the independent thermodynamic variables.
For a system in equilibrium state, the entropy S has a local maximum value S0 at x
µ
0
(µ = 0, 1, 2, · · · ). Hence at the vicinity of the local maximum, we have
S = S0 +
∂SB
∂xµB
∆xµB +
∂SE
∂xµE
∆xµE +
1
2
∂2SB
∂xµB∂x
ν
B
∆xµB∆x
ν
B +
1
2
∂2SE
∂xµE∂x
ν
E
∆xµE∆x
ν
E + · · · . (2)
The first derivative terms in the above equation cancel each other due the conservation of
the entropy of the equilibrium isolated system under the virtual change. Compared with
the second derivative term of SB, the one of SE can be ignored because SE is of the same
order as that of the whole system (SE ∼ S). Finally we promptly arrive at
∆S = S0 − S ≈ −1
2
∂2SB
∂xµB∂x
ν
B
∆xµB∆x
ν
B. (3)
According to the fluctuation probability given by Einsteins formula P ∝ eS, we finally
have
P (x0, x1, · · · ) ∝ exp
(
−1
2
∆l2
)
(4)
where
∆l2 = − ∂
2S
∂xµ∂xν
∆xµ∆xν , (5)
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is called as the metric of the Ruppeiner thermodynamic geometry (here we omit subscript
B).
For a system composed of a black hole and its surrounding infinite environment, the
black hole itself is a small subsystem of the above. Back to our focused AdS black hole,
the first law of thermodynamics is dM = TdS + V dP + other terms. For the situation
with other terms fixed, we adjust the first law of thermodynamics slightly to get
dS =
1
T
dM − V
T
dP, (6)
which means that the entropy as a function of enthalpy (or mass) and thermodynamic
pressure. Now we set xµ = (M,P ), and then the conjugate quantities corresponding to
xµ are yµ = ∂S/∂x
µ = (1/T,−V/T ). Hence the line element Eq. (5) becomes ∆l2 =
−∆yµ∆xµ. After some simple mathematical derivation, we can write the line element
Eq. (5) as a universal form for the AdS black hole [25]
∆l2 =
1
T
∆T∆S +
1
T
∆V∆P. (7)
The phase space of the AdS black hole is {T, P, S, V }. For the theory of thermody-
namics geometry, we do it in a space of generalized coordinates, like as {T, P}, {S, V },
{T, V } and {S, P} for the AdS black hole. We can realize that the thermodynamic cur-
vatures obtained in these coordinate spaces are same. Therefore, we take the coordinate
space {S, P} as an example for subsequent calculation and analysis in this paper. Ac-
cording to Eq. (7), the line element of the Ruppeiner geometry for the AdS black hole
takes the form in the coordinate space {S, P},
∆l2 =
1
T
(
∂T
∂S
)
P
∆S2 +
2
T
(
∂T
∂P
)
S
∆S∆P +
1
T
(
∂V
∂P
)
S
∆P 2, (8)
where we have used the Maxwell relation (∂T/∂P )
S
= (∂V/∂S)
P
based on the first law
of thermodynamics.
We use the Christoffel symbols,
Γαβγ =
1
2
gµα (∂γgµβ + ∂βgµγ − ∂µgβγ) , (9)
and then write the Riemannian curvature tensor,
Rαβγδ = ∂δΓ
α
βγ − ∂γΓαβδ + ΓµβγΓαµδ − ΓµβδΓαµγ. (10)
Hence, we obtain the thermodynamic (scalar) curvature,
R = gµνRξµξν . (11)
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III. NEW MEASURE OF THERMAL MICRO-BEHAVIOR OF THE ADS
BLACK HOLE
In order to study the relation between the interaction among black hole molecules
and their thermal motion, as a preliminary and coarse-grained description, we define the
following dimensionless ratio to characterize the strength relation between the interaction
and the thermal motion,
η :=
Interaction
Thermal motion
≈ Absolute value of thermodynamic curvature
Temperature
. (12)
• If η > 1, this means that the interaction among molecules is dominant in the black
hole system.
• If η < 1, this means that the thermal motion of molecules is dominant in the black
hole system.
• If η = 1, this means that the interaction among molecules and the thermal motion of
molecules reach a competitive balance, and the whole system will be in a transition
from the interaction state to the thermal motion state, or vice versa.
Next, we will use the newly introduced measurement methods to investigate the micro
behaviors of several kinds of AdS black holes.
A. Four-dimensional charged AdS black hole
We start with the four-dimensional charged AdS black hole and its metric is [11, 12, 30]
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdϕ2), (13)
here the function f(r) = 1− 2M/r+ r2/l2 + q2/r2 where M is the mass of the black hole,
l is the curvature radius of the AdS spacetime and q is the total charge of the black hole.
The horizon radius rh is regarded as the largest root of equation f(r) = 0, and then the
temperature of the black hole writes as
T =
8PS2 + S − piq2
4S
√
piS
, (14)
where the entropy S = pir2h and thermodynamic pressure P = 3/(8pil
2). Furthermore
the thermodynamic volume is V = 4pir3h/3. Hence according to Eq. (11), we obtain the
thermodynamic curvature of the four-dimensional charged AdS black hole,
R =
2piq2 − S
S(8PS2 + S − piq2) . (15)
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FIG. 1: The dimensionless ratio η between the interaction and the thermal motion with respect
to the dimensionless entropy S/Sc at the different dimensionless pressure P/Pc for the charged
AdS black hole, respectively.
For the sake of convenience, one usually introduces some dimensionless reduced pa-
rameters as follows [11, 19],
t :=
T
Tc
, s :=
S
Sc
, p :=
P
Pc
, ζ :=
∣∣∣∣ RRc
∣∣∣∣ . (16)
where
Tc =
√
6
18piq
, Sc = 6piq
2, Pc =
1
96piq2
, Rc = − 1
12piq2
. (17)
We have the dimensionless measurement t of the thermal motion and the dimensionless
measurement ζ of the interaction
t =
3ps2 + 6s− 1
8s
√
s
, ζ =
∣∣∣∣ 4(1− 3s)s(3ps2 + 6s− 1)
∣∣∣∣ . (18)
Hence the dimensionless ratio is η = ζ/t. Then we plot the behaviors of the dimen-
sionless ratio η with respect to the dimensionless entropy s at the different dimensionless
7
pressure p respectively in FIG. 1. Therefore, we can analyze some novel properties of
thermal micro-behaviors of the charged AdS black hole:
• For the charged AdS black hole system, there is indeed competition between the
interaction among black hole molecules and their thermal motion.
• At s = 1/3, the thermodynamic curvature equals zero. Therefore, we can divide
the microscopic behaviors of the black hole into two branches. The branch-1 (B1)
corresponds to the interval of 0 < s < 1/3 and the branch-2 (B2) corresponds to
the interval of s > 1/3.
• In B1, we can see that no matter what the value of the dimensionless p is, with
the increasing of the dimensionless entropy s, the dimensionless ratio η decreases
monotonically and always has an intersection with the curve η = 1. This implies
that the black hole always experiences a transition from the interaction state to the
thermal motion state.
• In B2, with the increasing of the dimensionless entropy s, the dimensionless ratio
η shows a trend of increasing first and then decreasing, and its intersection with
the curve η = 1 depends on the value of the dimensionless pressure p. Through
numerical calculation, the new critical dimensionless pressure is p ≈ 1.82. When
0 < p < 1.82, there are two intersections. The first intersection represents the
transition from the thermal motion state to the interaction state, and the second
one implies the transition from the interaction state to the thermal motion state.
When p ≥ 1.82, the two intersections merge and disappear resulting that the black
hole will always be in the thermal motion state.
B. Four-dimensional Schwarzschild-AdS black hole
The Schwarzschild-AdS black hole is a special case of the charged AdS black hole with
q = 0. Its temperature and the thermodynamic curvature read as [25]
Ts =
8PS + 1
4
√
piS
, Rs = − 1
8PS2 + S
. (19)
We introduce a dimensionless quantity u = 8PS, then the temperature and the thermody-
namic curvature can also be expressed as dimensionless temperature t and dimensionless
thermodynamic curvature ζ
t =
√
pi
2P
Ts =
u+ 1
2
√
u
, ζ =
∣∣∣∣Rs4P
∣∣∣∣ = 2u(u+ 1) . (20)
We plot the behavior of the dimensionless ratio η = ζ/t between the thermal motion
and the interaction with respect to the quantity u in FIG. 2. We can clearly see that
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FIG. 2: The dimensionless ratio η between the interaction and the thermal motion with respect
to the quantity u for the Schwarzschild-AdS black hole.
with the increasing of u, the dimensionless ratio η decreases monotonically and always
has an intersection with the curve η = 1 at u = 1. This implies that the Schwarzschild-
AdS black hole always experiences a transition from the interaction state to the thermal
motion state.
C. Five-dimensional Gauss-Bonnet AdS black hole
The metric of the Gauss-Bonnet AdS black hole in d dimensions is [40]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2, (21)
and
f(r) = 1 +
r2
2α0
(
1−
√
1 +
64piα0M
(d− 2)rd−1Σ −
64piα0P
(d− 1)(d− 2)
)
,
where dΩ2 is the square of line element on a (d − 2)-dimensional maximally symmetric
Einstein manifold with volume Σ. The black hole mass is M and the pressure is P =
(d−1)(d−2)/(16pil2). The auxiliary symbol α0 is related to the Gauss-Bonnet coefficient
α
GB
via α0 = (d− 3)(d− 4)αGB in order to avoid the verboseness.
When d = 5, its temperature takes the following form in terms of the horizon radius
rh [40, 41]
T =
8piPr3h + 3rh
6pi(r2h + 2α0)
. (22)
Meanwhile the thermodynamic curvature for the five-dimensional Gauss-Bonnet AdS
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black hole in terms of the horizon radius rh is [42]
R = − 4
pi2rh(r2h + 2α0)(8piPr
2
h + 3)
. (23)
Similarly, the dimensionless temperature t and thermodynamic curvature ζ can be
written as
t =
px3 + 3x
3x2 + 1
, ζ =
4
(3x2 + 1)(px3 + 3x)
, (24)
with t = T/Tc, p = P/Pc, ζ = |R/Rc| and x = rh/rc where [40–42]
Tc =
1
2pi
√
6α0
, rc =
√
6α0, Pc =
1
48piα0
, Rc = − 1
8pi2α0
√
6α0
.
Hence the dimensionless ratio between the thermal motion and the interaction is
η =
4
(px3 + 3x)2
. (25)
Let’s analyze the intersection of the above equation and the curve η = 1, i.e., the root of
equation px3 + 3x− 2 = 0. According to the relevant mathematical knowledge, we know
that under the conditions of p > 0 and x > 0, this cubic equation has only one real root
given by a hyperbolic form of Vie`te’s solution, that is
x =
2√
p
sinh
sinh−1
√
p
3
. (26)
The results show that the five-dimensional Gauss-Bonnet AdS black hole always expe-
riences a transition between the interaction state and the thermal motion state. The
transition point satisfies Eq. (26).
IV. SUMMARY AND DISCUSSION
In this paper, under the view of the black hole molecule, we introduce a dimensionless
ratio (12) to characterize the relation between the interaction and the thermal motion of
the AdS black holes. Through a preliminary and coarse-grained description, we find that
there is indeed competition between the interaction among black hole molecules and their
thermal motion.
For the charged AdS black hole, the microscopic behaviors of the black hole can
be divided into two branches (B1 and B2). In B1, the black hole always experiences a
transition from the interaction state to the thermal motion state. In B2, the transition
point between the interaction state and the thermal motion state depends on the value
of the dimensionless pressure p. Below the critical dimensionless pressure p = 1.82, there
will be two transitions, while above the critical dimensionless pressure, the transition
disappears and the black hole is always in the thermal motion state.
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For the Schwarzschild-AdS black hole, there is always a transition between the in-
teraction state and the thermal motion state. Meanwhile the transition point exactly
satisfies 8PS = 1.
For the five-dimensional Gauss-Bonnet AdS black hole, it always experiences a tran-
sition between the interaction state and the thermal motion state. The transition point
satisfies Eq. (26).
In addition, our current approach can naturally be extended to other types of black
holes, like (charged) Kerr (-AdS) black holes, by which we can analyze some new thermal
micro information of various black holes.
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